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Abstract

Optical nonlinearities are fundamental in several types of optical information processing
protocols. However, the high laser intensities needed for implementing phase nonlinearities using
conventional optical materials represent a challenge for nonlinear optics in the few-photon regime.
We introduce an infrared cavity quantum electrodynamics (QED) approach for imprinting
nonlinear phase shifts on individual THz pulses in reflection setups, conditional on the input
power. Power-dependent phase shifts on the order of 0.1 7 can be achieved with femtosecond
pulses of only a few W input power. The proposed scheme involves a small number of
intersubband quantum well transition dipoles evanescently coupled to the near field of an infrared
resonator. The field evolution is nonlinear due to the dynamical transfer of spectral anharmonicity
from material dipoles to the infrared vacuum, through an effective dipolar chirping mechanism
that transiently detunes the quantum well transitions from the vacuum field, leading to photon
blockade. We develop analytical theory that describes the dependence of the imprinted nonlinear
phase shift on relevant physical parameters. For a pair of quantum well dipoles, the phase control
scheme is shown to be robust with respect to inhomogeneities in the dipole transition frequencies
and relaxation rates. Numerical results based on the Lindblad quantum master equation validate
the theory in the regime where the material dipoles are populated up to the second excitation
manifold. In contrast with conventional QED schemes for phase control that require strong
light—matter interaction, the proposed phase nonlinearity works best in weak coupling, increasing
the prospects for its experimental realization using current nanophotonic technology.

1. Introduction

Cavity quantum electrodynamics (QED) is one of the building blocks of quantum technology [1, 2]. Strong
light—matter interaction between dipolar material resonances and the electromagnetic vacuum of a cavity has
been used for protecting and manipulating quantum information across the entire frequency spectrum using
neutral atoms [3, 4], semiconductors [5-8], and superconducting artificial atoms [9—13]. Cavity QED
observables such as the vacuum Rabi splitting have also been demonstrated with material dipoles in infrared
(THz) resonators at room temperature using intersubband transitions [14—17] and molecular vibrations
[18-23], for applications such as infrared photodetection [24] and controlled chemistry [25, 26]. The
enhancement of the spontaneous emission rate of material dipoles in a weakly coupled cavity via the Purcell
effect [27-29] has been used over different frequency regimes for reservoir engineering [30, 31], dipole
cooling [32, 33] and quantum state preparation [34]. In infrared cavities, the Purcell effect can be an effective
tool for studying the relaxation dynamics of THz transitions in materials [35-37], given the negligible
radioactive decay rates at these frequencies in comparison with non-radioactive relaxation processes [38, 39].
The direct linear measurement of confined infrared field dynamics in a weakly coupled dipole-cavity system
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[40] can thus provide information about infrared transitions that otherwise would only be accessible using
ultrasfast nonlinear spectroscopy [41, 42].

Cavity QED also enables the manipulation of external electromagnetic fields that drive a coupled
cavity-dipole system [5]. Implementing conditional phase shifts via intracavity light—matter interaction can
be used for quantum information processing [43—45], as demonstrated using atomic dipoles [46, 47] and
quantum dots [48, 49] in optical cavities. In analogy with classical phase modulation processes in bulk
nonlinear optical materials [50], which depend on the anharmonic response of the medium to strong fields
[51], cavity-assisted phase shifts are possible due to photon blockade effects that arise due to intrinsic
spectral anharmonicities of strongly coupled light-matter systems [52, 53]. In the infrared regime, despite
the growing interest in cavity QED phenomena with molecular vibrations [25, 26, 40, 54-59] and
semiconductors [16, 60-62], viable physical mechanisms for implementing conditional phase dynamics with
infrared fields have yet to be developed.

Here we study a previously unexplored form of dynamical photon blockade effect that can be used for
imprinting intensity-dependent phase shifts on electromagnetic pulses at THz frequencies (mid-infrared).
The physical mechanism that supports the phase nonlinearity involves an effective transfer of the spectral
anharmonicity of suitable few-level systems to the near field of an infrared resonator in weak coupling. To
emphasize the feasibility of implementing the proposed phase nonlinearity using current technology, the
relevant frequency scales of the problem are specified according to recent cavity QED experiments with
intersubband transitions of multi quantum wells (MQWs) embedded in infrared nanoresonators [16]. The
proposed scheme should be simpler with MQW than ensembles of molecular vibrations [36], because the
number of dipoles is much smaller and the spectral anharmonicity much higher. By driving the resonator
with a moderately strong femtosecond laser pulse, the matter-induced phase nonlinearity can be retrieved
from the free-induction decay (FID) of the resonator near field E,¢(#) using linear heterodyne spectroscopy
techniques with femtosecond time resolution [35, 37, 63—-67].

The article is organized as follows: section 2 describes the model for a MQW coupled to a common open
cavity field. Section 3 develops a mean-field theory of the dynamical chirping effect that gives rise to the
infrared phase nonlinearity. Section 4 discusses the scaling of the predicted nonlinear phase shift with the
physical parameters of the problem for identical intersubband dipoles. Section 5 shows that the results are
robust with respect to dipole inhomogeneities. Numerical validation of the theory is given in section 6 using
a Lindblad quantum master equation description of the system dynamics. We summarize and discuss
perspectives of this work in the Conclusions.

2. Cavity QED model of anharmonic semiconductor dipoles

We consider a small number N of quantum wells located within the near field of a resonant infrared
nanoantenna, as illustrated in figure 1. The quantum wells do not interact with each other and have discrete
intersubband energy levels with transition frequencies in the THz regime [68]. The bare Hamiltonian of the
MQW system is a collection of anharmonic quantum Kerr oscillators ( i = 1 throughout)

I:In = Wnlszl;n - Uni’li]r];gnijn’ (1)

where b, is the annihilation operator of the nth quantum well dipole, w, is the fundamental frequency and
U, the anharmonicity parameter. The geometry of the quantum well structure determines the confined
charge carriers potential and the spectral anharmonicity [69].

Projecting into a complete eigenbasis |v,), equation (1) can be written as H, = 3° E,, |v,) (4], with
eigenvalues E,, = w,v, — U, (V2 — v,)). The energy difference between consecutive levels of the nth quantum
wellis E, 1 — E, = w, — 2U,v. The nonlinear parameter U, thus lowers the energy spacing of the 1 — 2
excitation by A = 2U,, relative to the fundamental frequency. In comparison with molecular vibrations, for
which A ~ 10 — 40 cm™! [70, 71], multi-quantum well dipoles enable much larger anharmonicities, with
U, ~ 100 — 300 cm™' [16].

The anharmonic quantum wells couple to a common resonator near field a in the rotating wave
approximation are described by the Hamiltonian

H =wcaTa+ZN: [Hn + g, (a133+&fian)], (2)
n=1

where w is the resonant field mode frequency and g, = £d,, is the light-matter coupling strength. The latter
depends on the square-root amplitude of the vacuum fluctuations & and the transition dipole moment d,,.
For simplicity, we assume transition dipoles are state-independent (d,, = d,) but other choices do not
qualitatively affect the results.
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Figure 1. Schematic picture of a MQW in a driven open infrared nanocavity. Two quantum wells forming a MQW with
fundamental frequency wo = Ajg. The 0 — 1 and 1 — 2 transitions are coupled to the near-field of an open nanocavity with
frequency wc. The coupled light-matter system is driven by an incoming laser pulse with field profile Ej, (). The photons that leak
out the nanocavity on sub-picosecond time scales at rate x generate the free-induction decay (FID) signal encoded in the
outgoing field Eou(?).

We calculate the dissipative dynamics of the system in the presence of a driving pulse according to the
Lindblad quantum master equation

d PN
b= i [A Ha0), ] + Luld] + 2417, 3

where § is the density matrix of the total cavity-MQW system. £,;[p] and £, [4] are photonic and material
relaxation superoperators given by

L. [p] =5 (apa' —alap—pa'a)., (4)
N 5 R R o o

£, 19 = 32 3 (20upb} — bfbu - 551 (5)
n=1

where k and 7, are the decay rates of photonic and nth quantum well modes, respectively. The decoherence
processes encoded in vy, are mainly given by the interaction between MQW and the thermalized phonon
bath of the semiconductor structure [72]. For the open cavity field, the main source of decoherence is non
radioactive decay in the metal [73], as well as radioactive losses. In this work, the light-matter system is
considered to be in the weak coupling regime, broadly defined by the absence of vacuum Rabi splitting in
linear transmission [36], which results from a small cooperativity parameter Ng*/ky < 1. The
time-dependent Hamiltonian Hg(¢) that describes the driving pulse is given by

Hqy(t) = Fop (t) (ae™* +afe ™) | (6)

with the Gaussian pulse envelope ¢(t) = exp[—(t — #)?/(2T%)] and carrier frequency wq. |Fo|* is
proportional to the incoming photon flux’, t; is the pulse center time and T is the pulse duration.

3. Mean-field nonlinear chirping model

We assume that the system dynamics involves only the lowest three energy levels of the quantum wells

(i.e. Umax = 2). To ensure that higher energy levels do not contribute significantly to the system evolution, we
assume the driving condition Fy/x < 1, which is not necessarily weak driving in the sense that the coupled
system response can still be nonlinear, but the photon occupation in the near field remains below unity on
average. Mean-field equations of motion for identical quantum wells can be obtained from equation (3) for
light and matter coherences, to give coupled non-linear system

d%(&) =— (g + iwc) (@) — ivV/Ng(Bo) — iFq (1) (7)
0 == | 34 (= b)) | b - i) (®)

where By = (1/vVN) Y, b, is the bright collective oscillator mode of fundamental frequency wy and decay
rate ~y. The driving parameter is Fy = Fyp(t) exp(—iwqt). For simplicity we consider that all quantum wells

5 The stationary photon flux in the continuous wave regime of an empty cavity with radiative decay rate x is ®quy = w(aTa) = 4|F|* /.

3
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Figure 2. Dipolar FID signals. (a) Real part of the material collective coherence Re(By (t)) for two identical quantum wells
coupled to a common field mode. The antenna is driven by a laser pulse with carrier frequency wyq, pulse duration
T =155 fs, centered at fp = 600 fs. Pulse strength parameters Fy = 0.01x and Fy = 0.20x are assumed. Additional parameters are

{wo,K,7, U, vVNg} = {40.0,12.0,0.6,0.6,1.0} THz. (b) Zoom of the FID signals shown in (a) to visualize the time delay 57
generated after the pulse is over. (c) Time delay ratio calculated as the time difference between peaks of the material collective
coherence, for v = 0.6 THz (blue curve, different material and nanocavity bandwidths) and v = 10.0 THz (black curve,
comparable bandwidths). The dashed red line shows the Gaussian pulse profile.

are equally coupled to the field mode and have the same anharmonicity, by setting g, = g and U, = U. For
homogeneous systems, the N — 1 dark collective modes B, = (1/vN)Y, cmnl;n, with ¢, » = exp(i2an/N),
evolve completely decoupled from equations (7) and (8) (see appendix A). The Kerr nonlinearity generates
an effective dipole chirping effect, with instantaneous frequency

22U, -

wq (£) = wo = < [(Bo (D)%, )

This is red shifted from the fundamental resonance by an amount proportional to the bright mode
occupation. The nonlinearity is proportional to the anharmonicity parameter U and is small for large N
[36]. The transient red shift occurs while the system is driven by the laser pulse, which populates By(t), and is
thus proportional to the photon flux parameter Fy.

We solve equations (7) and (8) analytically to gain insight on the chirping effect. We assume that the
bandwidth of the dipole resonance is much smaller than the antenna bandwidth, i.e. we work in the weak
coupling regime, where > v and 4Ng* /ky < 1. By adiabaticaly eliminating the antenna field from the
dynamics, the evolution of bright mode after the pulse is over is given by

<B0 (t)> = Boffe_g(t—toff) ei¢(t) (10)

where fo is the pulse turn-off time. The phase evolves as
2UBZ; .
£) = b, off ) 1 _ —’Y(t—toff)} 11
B(0) = o+~ {1 : an
where 7 = (1 + 4Ng?/ky) is the Purcell-enhanced dipole decay rate [37, 74] and Byg = | (B (tof))|-
Defining 7 = t — t,f, in the long time regime, 77 >> 1, equation (11) gives the stationary relative phase
2UBZ;

A(Zﬁss = (bss - (boff = N:Y 3

(12)

which depends quadratically on the laser strength, through the implicit linear dependence of B¢ on Fy. The
derivation of equation (11) can be found in appendix B. In the limiting cases of harmonic oscillators
(U =0), thermodynamic limit (N — 00), or linear response (Fy/k < 1), the relative phase is negligible
(Adss = 0). Molecular ensembles have low anharmonicites, and have been shown to require higher pulse
strengths to produce finite relative phases [36] than the ones discussed here.

Figures 2(a) and (b) show the evolution of the dipole coherence Re[(B,(t))] obtained by solving
equations (7)—(8) numerically with parameters relevant for experimental implementations [16, 69].
Figure 2(b) shows the time delay 67 produced by a strong driving pulse (Fo/x = 0.2) on the FID signal, in
comparison with weak pulses. The delay 7 in time domain results in the relative phase from equation (12).
Recent experiments with infrared nanoantennas have the femtosecond temporal resolution necessary to
measure 07 [36, 37].

Figure 2(c) shows the evolution of §7 for two scenarios. For long dipole lifetimes (v < ),
i.e. narrowband MQW response, the time delay of the FID signal remains after the driving pulse is over. On
the contrary, when v ~ & the time delay disappears after the pulse ends. The system thus requires long dipole
dephasing times to imprint a stationary time delay in the near field once the driving pulse is turned off.

4
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Figure 3. Intensity-dependent phase spectrum of the scattered field. (a) Relative phase spectrum A®(w) for Fy = 0.2k and
different values of U/~. (b) Nonlinear phase spectrum A®(wy)/7 at wo as a function of the laser strength parameter Fo/x.
Circle symbols correspond to an analytical quadratic scaling with fit parameter o = 3.5. Both panels are calculated using

equation (14) for different ratios U/~. Additional parameters are {wo, &,~, vV'Ng} = {40.0,12.0,0.6,1.0} THz.

4. Nonlinear phase shift in the frequency domain

The time delay in the collective material coherence (By(t)) from figure 2 is transferred to the photonic
coherence (a(t)), which ultimately gives the observable FID signal in heterodyne measurements [36, 37]. We
define the Fourier transform of the field coherence as

(6(w) = = / Z de(a (1)), (13)

and calculate the phase response ®(w) of the FID signal as

= arctan M
2 (w) =arct (Re[<a<w>>}>'

The Fourier transform is taken for the post-pulse FID signal. Figure 3(a) shows the phase spectrum for
different values of the parameter U/~, at fixed driving strength (Fy = 0.2«). The relative phase in Fourier
space is negligible for the limiting cases discussed above. In the case of anharmonic MQWs, the relative phase
AP (w) = D(w) — Ppypy increases as the anharmonicity parameter U/~ grows for fixed Fy, with @y, given
by relative phase obtained under harmonic conditions.

To gain insight on the behavior of the relative nonlinear phase, we use equation (10) to calculate AP (w)
analytically in the Fourier domain. We obtain

(14)

2
A (wp) = a2 <F°) , (15)
Ny \ kK
where the numerical parameter a comes from the proportionality relation |(By(#))| oc Fy and the fact that
@off In equation (11) is also a nonlinear phase that grows with the dipole amplitude before the driving pulse
is off. The derivation of equation (15) and additional details can be found in appendix B. Figure 3(b) shows
the analytical fitting and numerical calculations for the nonlinear phase shift at the fundamental frequency
wy as a function of the laser intensity parameter Fy/, for different values of U/~. In agreement with
previous works [75, 76], in the weak driving limit (Fy/x < 1) we obtain the linear response regime, i.e.
Ad(wp) ~ 0 from equation (15), which is also demonstrated numerically in figure 3(b). In the low
anharmonicity regime U/ < 1, the nonlinear phase has a clear quadratic dependence on Fy, while for
strong anharmonicities U/~ 2 1, A®(wy) is quadratic for only up to a certain driving strength. Beyond this
point, higher energy levels (v > 2) start to contribute with the dynamics of the system and the adiabatic
elimination approach used to derive equation (15) breaks down.

5. Nonlinear phase shift enhancement via dark states

The dynamics in the totally symmetric case with identical QW dipoles only involves the field and bright
collective modes without the influence of the dark manifold. For a pair of inhomogeneous QWs (N = 2), the
equation of motion for the bright mode (B,) should be extended to read

5
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Figure 4. Nonlinear phase shift enhancement via dipole inhomogeneity. Nonlinear phase shift at wy as a function of the driving
ratio Fy/k for the anharmonicity parameter U/~; = 0.5. (a) For wi = w; = wg and v1 # ¥2. (b) For wy = w; # w; and y1 = 7.
Additional parameters are {wo, 5,71, VNg} = {40.0,12.0,0.6,1.0} THz.

d . v - A . A ) .

S{Bo) = — (3 +iw (1)) (Bo) - (7 +ilw (t)) (By) —iv/Ng(@a) (16)
t 2 2

where (B,) = (—(b,) + (b,))/v/2 is the dark mode for the pair of dipoles, ¥ = (y; +7,)/2 and

A~ = (2 —71)/2 are the average value and the mismatch of decay rates, respectively. The instantaneous

average frequency is now given by

@ () =o—U(|(Bo () + (B (1)) (17)

and the frequency mismatch by

Aw (t) = Aw — 2URe [(By (1)) (B1 (1))] , (18)

where @ = (w; 4+ w,)/2 and Aw = (w; — w;)/2. The coupling of the dark mode (B;) with the bright mode
influences the dynamics of the system. It is clear that in the totally symmetric case (Ay = Aw = 0), bright
and dark modes are decoupled and equation (16) reduces to equation (8). The positive additive contribution
|(B,)|? to the instantaneous dipole frequency suggests that the dark manifold enhances the nonlinear phase
shift. The derivation of equation (16) can be found in appendix C.

Figure 4 shows the nonlinear phase spectrum of (a(w)) evaluated at the fundamental frequency wj for
two inhomogeneus scenarios. First, we set equal fundamental frequencies with variations in the decay rates
of the QWs, i.e. w1 = w; = wy and v, # ;. In figure 4(a) we find both enhancement and reduction of the
nonlinear phase for U = 0.5;. Enhancement is reached for Ay < 0, which is due to a reduction of the
effective decay rate 7 associated with bright mode in equation (16). In the opposite case, i.e. for v, > 71,

AP (wp) decreases due to the increased decay rate of the bright mode. The second scenario considers one
QW detuned with respect to the other but both having equal decay rates, i.e. w; # w, and 7y, = ;. The
results are shown in figure 4(b). In this case, the small blue and red detuning of one of the quantum wells
gives a nonlinear phase enhancement. However, for very large detunings (Aw/wy > 0.1) the nonlinear phase
tends to the homogeneous limit (Aw = 0), as the detuned quantum well becomes effectively decoupled from
the field.

6. Validity of the mean-field theory

We calculate the evolution of the total density matrix by solving the Lindblad quantum master equation in
equation (3) by using QuTiP [77, 78] to explore the regime of validity of the mean-field theory for a pair of
anharmonic quantum well dipoles. The evolution of the density matrix converges with a truncated Hilbert
space that includes up to vy.x = 4 intersubband excitations per quantum well and 7, = 5 photons, which
results in a Hilbert space dimension of d = 150.

Figures 5(a) and (b) show the nonlinear phase shift A®(wy) as a function of the laser strength parameter
Fy/k predicted by the Lindblad QME for two different values of the anharmonicity: U = 0.57; and
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Figure 5. Fully quantum validation of the nonlinear phase shift. Relative nonlinear phase shift as a function of laser strength
parameter Fy/k found in the mean-field approximation (solid lines) and by solving the Lindblad quantum master equation
(dashed lines) for different inhomogeneous scenarios and for (a) U/v1 = 0.5 and (b) U/~1 = 2.0. (c) Population dynamics of the
second excited energy level P, for Fy = 0.3« and different values of the anharmonicity parameter U/~;. Additional parameters

for all panels are {wo, 5,71,/ Ng} = {40.0,12.0,0.6,1.0} THz. The mean-field approximation and the Lindblad quantum
master are implemented with the same parameters.

U = 2.07,. For U = 0.57;, both mean-field (solid lines) and fully quantum (dashed lines) calculations agree
up to a factor of two approximately (see additional comparisons in appendix D). However, A®(wy) in the
mean-field approach is overestimated for U = 2.07;, where the nonlinear phase is negligible up to

Fy/k = 0.4, then increases for higher laser intensities. The latter is due to the large detuning between cavity
frequency w, and A,;. As a consequence, anharmonic blockade is observed for the intersubband state v =2
such that the higher level does not participate in the dynamics, causing the dipole to behave effectively as a
harmonic oscillator. In figure 5(c), we show the population of the v =2 level (P,) for Fy/x = 0.3 and
different values of the anharmonicity parameter U/~;. P, is suppressed as U increases due to the blockade
effect [52, 53, 79]. The mean-field theory is accurate for weak pulses (Fy/x < 0.1) independent on the
anharmonicity parameter U/~ and, for stronger pulses with anharmonicities lower than dissipation rate of
MQWs (U/~ < 1.0).

7. Discussion and conclusion

In this work, we described a novel dynamical photon blockade mechanism in THz cavity QED that can be
used for imprinting power-dependent phase shifts on the electromagnetic response of a coupled cavity-dipole
system. We develop analytical quantum mechanical theory to model FID signals of a pulse-driven cavity
system, using parameters that are relevant for quantum well intersubband transitions in mid-infrared
resonators [16]. For N quantum wells within the near field of the driven resonator, the theory shows that
using only a moderately strong pulse that drives a small fraction of the intersubband level population to the
second excitation manifold, a stationary phase shift proportional to the spectral anharmonicity parameter
U/Nry and the photon flux of the pulse, can be imprinted on the FID response of the near field, which can
then be retrieved using time-domain spectroscopic techniques [40]. We point out that the relative phase shift
is unaffected if excited energy levels higher than v > 2 are populated, which occurs by driving the resonator
with laser pulses strengths higher than Fy/x > 0.5. For experimentally relevant system parameters [16], with
photon flux ®gq,y in the stationary regime and setting Fy = 0.5k, nonlinear phase shifts of order of 1 radian
are predicted for a single quantum well using a single sub-picosecond pulse of a few pW.

The predicted phase nonlinearity can be physically understood as a result of laser-induced dipole effect
that dynamically detunes the cavity field with respect to the 1 — 2 intersubband transition, caused by
population driven between the first and second excited levels of the anharmonic quantum well spectrum.
The analytical model is validated numerically using density matrix solutions of the corresponding Lindblad
quantum master equation. Notably, the proposed dipole chirping mechanism only occurs for cavity fields
that are much shorter lived than the THz dipole resonance (bad cavity limit), as is the case in several
nanophotonic setups [16, 37]. Moreover, the phase imprinting scheme works best in the weak coupling
regime, contrary to conventional photon blockade effects developed for optical cavity QED, which require
strong coupling conditions [53, 80].

Our work demonstrates the feasibility of implementing nonlinear phase operations at THz frequencies
using current available nanocavities [16, 37, 40] and contributes to the development of quantum optics in
the high-THz regime [69, 80], which can enable fundamental studies of cavity QED[81, 82], material and
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molecular spectroscopy [40, 62, 83], and controlled chemistry in confined electromagnetic environments
[25, 26]. Extensions of this work to the analysis of THz and infrared pulses with non-classical field statistics
[84, 85] could open further possibilities for developing ultrafast quantum information processing at room
temperature.
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Appendix A. Mean-field approach for N identical dipoles

The density matrix of the light-matter system p(#) evolves according to the quantum master equation in
Lindblad form

d ~ “
Th= =i [ Ha(8). ] + Lo [0 + £, 7). (A1)

where A is the Hamiltonian of the system in equation (2), Hy(t) is the time-dependent Hamiltonian of the
laser pulse that drives the nanocavity in equation (6) and the Lindblad superoperators are given by [86, 87]

L. (o] =3 (2apa' —alap—pa'a), (A2)
N

£419) = 32 (2buph}, — bfbup— bl ) (A3)
n=1

k is the resonator field decay rate and -y, is the MQW relaxation rate into a local reservoir. a and I;n are the
annihilation operators of the field mode and the nth quantum well, respectively.
The local operators can be expressed as a linear combination of the collective modes B, as

N = 2ran
b, = — exp | — B, A4
oD (%) (A0

Thus, the Lindblad superoperators for the collective modes considering homogeneous MQWs (with ,, = =)
are given by

N—-1
L[l =3 (2BapBl — {BLBa.5}). (AS)
a=0

where {A, B} is the anticommutator between arbitrary operators A and B.
The exact equations of motion for the field and bright collective matter coherences in the Schrodinger
picture are given by

(@) == (5 +iwe) (@) - ivVNg(Bo) — iFa (1) (A6)
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d - DN my o e 2U R e .
dt<B°> =- (% + lwo) (Bo) —iv/Ng(a) + N Z <BEBﬂ—n(modN)Bn>7 (A7)
B,n=0

with Fy(f) = Fop(t)e 4, (B,) =", ¢2mon/NTy[p, 5(1)]/v/N and € (modN) is a modular arithmetic for ¢
with modulo N, ensuring the cyclicity of the permutation indexes (for example, for 5=0and n=1,

0 — 1(modN) = N — 1). We approximate the expansion of the triple operators in equation (A7) by only
using the first term, with 8 = 1) = 0, and factorizing it as (Bf BoBo) ~ (Bo)*(Bo) (Bo). This fully-factorized
ansatz leads to closed equations of motion for the first moments (a) and (B,) that can describe the nonlinear
response of the system. We assess the validity of this approximation in section 6 by solving the full quantum
master equation numerically. As expected, the mean-field ansatz is only accurate for weak anharmonicity
parameters U/N~, where higher order moments that are present in the fully quantum calculations do not
contribute significantly.

Appendix B. Adiabatic elimination of the antenna dynamics

In the bad cavity limit, we can adiabatically eliminate the dynamics of the single field mode (d (a(t)) /dt — 0)
since k> v and (k — ) /4 > v/Ng. We reduce the equations of motion to a single equation for bright
collective matter coherence By which contains the influence of the open cavity mode. Hence, equation (A6)
in the rotating frame of the cavity frequency w, on resonance with fundamental frequency wy reduces to

(@ (1)~ —izflg (B () — 2 Fa (1), (B1)
and solving for (By)
d Rad ’3/ Rad 2\/Ng 2U Rad 2 /pad
3 (B0 (1) = = (B5" (1)) — ——Fa (1) +i—[{Bs" () (B (1)), (B2)

with the renormalized decay rate of the dipole coherence ¥ = v(1 + 4Ng® /), which is commonly known as
the Purcell factor [36].

Equation (B2) with F4(t) = 0 is known in non-linear hydrodynamics as the Stuart-Landau oscillator
equation [88, 89]. The laser pulse at a given time ¢ = t. turns off and equation (B2) can be solved
analytically by a slow variation of the dipole coherence in polar form as (B3(#)) = |(Bid(¢))|€*("). Thus, the
equations of motion for the amplitude and phase can be written as

d Ra _ 5/ Ra

3! (Be () = = (B (9)] (B3)
d U, -, )
300 =25 |(B (), (B4)

where their corresponding solutions are given by

(B3 (£))| = Bogre™ 2 (1=o0) (B5)
2UB? .
& (t) = Gofr + N;y(’ff {1 - e_"’(t_t"“)} , (B6)

with Byg = |<Bgd(toff)>\ and @off = @ (fofr)- The dipole coherence in the rotating frame of the laser evolves as

(B3 (1)) = (B (toe) )™ 3 (—1o0)e™ 0 (=) exp [iA g, (1 — exp [~ (t — to)])] (B7)

where Ay = Pss — ofr and <B(a)d(t0ff)> = B,gre'®. The exponential that depends on the relative phase A¢ in
equation (B7) evidences the nonlinear contributions, instead of the solution with harmonic MQWs or in the
weak driving regime. To clarify, the analogous solution of the dipole coherence with U =0 [BgfL(t)] for

t 2> toff is given by

2\/K7gF0 o~ (3/2 i)t
K

(ByL (1) = —B(T) (B8)
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where the factor 5(T) depends on the envelope functional shape, and the stationary phase A¢s = 0 due to
the system evolves with a constant phase ¢s; = Qofs.

In the case of the phase, equation (B6) describes a stationary phase ¢(t) = ¢ in the long time regime
(t > to), which is given by

2UB%;

%:m+w7. (B9)

Note that the expression is quadratic respect to amplitude B, and constant for harmonic MQWs (U =0).

B.1. Relation between the dipole and cavity phase shifts

We measure the FID signal in the laboratory, which is related with the field mode coherence {a). Here, we
connect the phase shift that can be obtained from experiments with the phase from the dipole coherence. We
define the relative nonlinear phase shift in frequency domain at wy in terms of the Fourier transform of the

cavity coherence, (a(w)) = F[(a(t))](w), as

A (WO) = (WO) - (bharm (WO) ) (BlO)
where,
w) = arctan Im [{a(w))]
o) =scon () (B1D)

and @parm = limp, /<1 ®(wo). The latter is valid since the response of the anharmonic dipole oscillator
under weak driving conditions Fy/k < 1 or in the limit of negligible anharmonicity U/~v — 0 is equivalent
to the linear response, as it is shown in equation (B9). Assuming the same . for the cavity and dipole
coherences, the equations of motion for the field coherence and phase in frequency domain are given by

. . - 1
(@(w)) = —iVNg(By (W)>m, (B12)
® (wy) = D (wp) + arctan (womzzwc) - g, (B13)

with

©) (wy) = arctan Im[(BO(w0)>]>
O (wo) t (Re[(Bo(wo)>] .

The second and third term in equation (B13) are independent on anharmonicity parameter U/x and driving
strength Fy/k. Thus, in analogy with equation (B10), i.e. considering that the relative phase shift is given in
terms of the linear response and nonlinear contributions, we can write A®(wy) as a function of the dipole
coherence instead of the field mode response as

AD (wy) = AP (wy) = O (wy) — D0 (), (B14)

harm
where @ﬁgim(wo) = limg, /<1 DO (wy).

B.2. Nonlinear phase shift ansatz for an arbitrary driving pulse
We introduce an ansatz for the relative phase since the amplitude |Bog| cannot be defined for general driving
pulses. We define the nonlinear phase shift A® at frequency wy as

2
AD (wy) = a% (1:;0) , (B15)

10
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where « is a phenomenological parameter to be explored. The definition in equation (B15) is possible
considering that the squared amplitude of the dipole coherence (equation (B5)) and the stationary phase
(equation (B9)) grow proportional to the square of the driving strength for the ratio Fy/x < 1. Further,
numerical results in figure 3 suggest the quadratic dependence.

Appendix C. Mean-field chirping model for asymmetric quantum wells

From the local quantum master equation, the mean-field equations of motion for the coherences of the
inhomogeneous quantum wells (b; and b,) and field mode a are given by

Sy = (5 +ie) @ — g (b + (b)) ~ a1, (1
by == (L o+ ) () — gl + 201060} o), ©)
& b == (2 i) (b) @) + 12016n) (). (©3)

We set equal light-matter coupling strengths ¢ = ¢ = g and anharmonicity parameters U = Uy = U,. By
replacing the bright By = (b; + b,)/+/2 and dark B, = (—b; + b)/v/2 modes, we obtain

S ay = (5 i) (@) — ivNatbo) — i (), (1)
i =~ (Lo ) (57 +1800)) () - Wit (c3)
d%(iag (% i (1)) (By) <+1Aw()><1§0>, (C6)
with
& (0) =@~ U(|(Bo () + {1 (9)1?).
and

Aw () = Aw — 2URe [(By ())* (B (1))] ,
where ¢ = (¢; +(;)/2 and A¢ = (¢, — (1) /2, with ¢ = {7, w}, are the average and mismatch values.

Appendix D. Comparison of mean-field and lindblad quantum master equation

The accuracy of the mean-field results for the nonlinear phase shift A®y;y in general depends on pulse
strength, the degree dipole inhomogeneity and dipole anharmonicity. We assess the parameter dependence of
the model predictions in figure D.1, by comparing the predicted nonlinear phase shift as a function of driving
strength ratio Fy/x obtained using the nonlinear mean-field theory and the Lindblad quantum master
equation (QME). Results are shown for increasing values of the anharmonicity parameter U/~,. Mean-field
results coincide well with the QME solution for different values of decay inhomogeneities when both the
anharmonicity and driving strengths are not too high (U/v < 0.4 and F,/x ~ 0.2). For larger anharmonicity
and stronger driving, the nonlinear mean field theory can overestimate the phase shift by a factor of a few.

11
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Figure D.1. U—dependent progression of fully quantum validation for the nonlinear phase shift. Relative nonlinear phase shift as
a function of laser strength parameter Fy/x found in the mean-field approximation (solid lines) and by solving the Lindblad
quantum master equation (dashed lines) for different inhomogeneous scenarios and for (a) U/~ = 0.2, (b) U/y1 = 0.4, (c)
U/~ = 0.5and (d) U/, = 1.0. Additional parameters for all panels are {wo, #,v1, v Ng} = {40.0,12.0,0.6,1.0} THz.

Appendix E. Photon blockade effect

The photon blockade effect can be characterized by the equal-time second-order correlation function

g?(0)= “aar (E1)

which can be calculated numerically by solving the quantum master equation in Lindblad form or
analytically by expanding the wave function of the system in the bare basis as

[ (0) =D cvalvin), (E2)

v=0 n=0

where P, , = |c,.,|* is the population of the corresponding state |v, 7). We truncate the expansion at Yy = 2

and nmax = 2, considering these levels as the last bare states populated in the dynamics. Thus, the equal-time
second-order correlation function in equation (E3) is approximately given by

2(Pop+Pip+P23)
[Poq+Pia+Pr1+2(Por+Pip +P2,2)]2

g2 (0) = (E3)

Figure E.1 shows the equal-time correlation function in equation (E3) as a function of time when the
laser pulse is active. In this time interval (300 < t < 900 fs), g*) (0) has values smaller than one for
Fy/k = 0.2 (blue line), which indicates a photon blockade effect in contrast with the weak driving scenario
Fy/k = 0.01 (black line). Although the reduction of the equal-time second order correlation function is
small, it is sufficient to generate a power-dependent time delay in the FID signal.

12
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Figure E.1. Equal-time second order correlation function. () (0) function as function of time for laser intensities Fy = 0.01
and Fy = 0.20k by solving the Lindblad quantum master equation for U/~ = 1.0 (scenario shows in figure 2). Additional
parameters for all panels are {wo, &, 71, vVNg} = {40.0,12.0,0.6,1.0} THz.
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